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Treeability of equivalence relations via Stone duality and median graphs

Standard Barel spaces.

A topological space
X is called Polish if it is completely metrizable and 2ndctblequivalently,

separable) .

Examples of Polish
spaces .
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In these lectures
,

the topology on X is irrelevant
, only the induced Borel sets are

.

All unthl

Polish spaces are Bol isomorphic ,
so we can pick our favorite one

,
like IR00ININ.

Throughout ,
we let X be a standard Borel space ,

i . e .
X is a set equipped with the

Bonel 5-algebra B(X) of come Polish top .
on X.

CBERs and their three faces,

A itbl Borel equivalence relation (CBER) on X is an equir . rel
.

& on X such that R=X

is Boel and each R-class is ctbl. R-classes

- - - -

-

Examples.
&

..... E

XS

(a) On X : = IR
,
Ra := rational difference
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1) On X : = 2 Eo : = eventual equality ,

i

.e
.
xEoy : <=> Fa

,
Y= y(ul .

-
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The following is the main tool from descriptive of heory for working with (BERs.



Ya

Luzin-Novikov uniformization. Let X
,
Y be standard Borel and B = XXY -B

be a Boel not withthl vertical filers : Gx : = \ytY : (3) tah is M
To

b.MenBaph( ,
whe enc inaa 9X

Proof .

Look
up a new propf by Fort Shinko.

Use
.

This replaces quantifying over fibers bx ,
i

.
e .
statements like

*/7 yEY such Wat (x
, 3) <B ,

(4
, y) satisfies P

with F/ nEIN
,
(x, Hux)) satisfies P.

Face 2 : group actions .

Let i be abl group
and let PreX be a Bowl action.

Then the orbit equivalence relation Ro is a CBER on X.

Indeed
, xRpy <=> Jeep y . x =

y.

Examples ,

(a)The LBER in (a) crises from the translation action Q * IR
.

(8) The CBER is (6) wrises from the translation action + 4/20-22
= KALI

IN IN

() For anyctbl group
5

,
No Z" by chiff : p . x := (x(501) rep-

Theorem (Feldman-Moore)
. Every CBER R arises from a Bonel action PreX of some otbl group t.
In fact

,
4 can be generated by involutions.

Borel
Orbit eg. rel . Ri

<

LBERsCtbl group 4 vX Feldman-Moore

7X will R = R
+

Proof
.
Follows by applying Luzin-Norikor to R to obtain Boal partial functions

in : X-X
,
Men massage those in into Bowel bijections...

Comment
. CBERs are youpoids ,

so the study of CBERs is generalized group theory.



Face 3 : graphs .

A Borel graph on X is a reflexive and symmetric Bowl set GeX

li . e ,
G is a set of edges on vertices X) .

We
say that G

is locally othel Creps - Locally finite
if eachEX has only ctbly-may lesp . finitely-manyl neighbours in h.

Corollary (from Luzin-Novikov). The connectedness relation Ra of a loc.bl Bonel graph a
is a CBER.

Proof
.

Indeed
,
each C-component 1= Ra-class) is etbl

,
and for all x

, geX,
x Ray <L JneIN 7(Xo, . . . ,Xn) EX

** Koix and Xa =

Y
and Vizu ki

,
Vale 2).

The latter is Borel by Luzin-Novikov (exercise).
⑫classes

A graphing of a CBERR is a Boel graph C -

-

- - -

whose connected components are exactly the R-classes .
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Agraphing of a CBER is the analogue of the Cagley -

S -
S

-

graph for groups : G-components

Example .

Let TX be an action of [vX -X 1EX

a ctbl group on a st . Bore space X. : · : -

--
-

Fix a symmetric generating set s . ...
The inclused Schreier graph Es
is the graph on X where X bits/ Gs X bits/Gs X orbits/ Es

(x
, y) = Gg (L Vox=y for come VES

. By def,, ha is a loc.+b) (finite if Sis finitel graph on X.

Schreier so
> loc.tbl

.
Bowl graphsCorollary (from Feldman Moore) . Every loc .

atbl Bonel Borel group
actions I

Feldman-Moore

graph h on X is a Schreier graph Gs of some orbit
M

FM connectedness

equiv.
rel

.

s LBERs eg. re). Ea
Borel action of a ctbl group

T=z Sc . En

Theorem (Jackson-Kerbris-Louveau
,
Gaberian)

. Every CBER admits a locally finite Borel graphing.



R-classes
I

Treeable CBERs .

A CBER is called treeable if it admits an acyclic
itum mtinuum

I heare minimal) graphing ,

called freeing.

Most CBERs aren't freeable ! Those that are form

a very special clan analogous to free groups.

Examples. Free Borel actions of the following groups incluse treeable CBERs :

(a) Free groups (The Schreier graphs are treeings . )
Treeable LBER- by Tasmin Chu

(6) (R/3@ *12/4K)
·

(The Schreier grople can be massaged into a freeing)

(c) Jackson-Kechris-Louveau (2002). Virtually free groups leg . Sh().

(9) Conley - Gaborian-Marks-Tucker-Drob (026). Surface groups ,
after discarding a wall st

Counter-examples .

(a) Adams - Spatzier (1991) . Free probability -measure-preserving actions of Kazhdan groups
le . g . SLu(t) fr n = 3) are not treeable.

18)Treable CBERs are not closed under products or stbl increasing unions.

Finite index problem ROO2) .

If SER are CBERs
,
S is freeable and

-

I

[R : S] = 2
,
is R treeable?

-
~

-
&

I

Reformulation
.
Ris treeable =)7 freeing Tof S and Bowe involution

↑

4 :X -X sit. Y is an isomorphism between the two trees in each R-class.
S'class

R-clas
class



Quasi-trees F
A connected graphe G is called a quasite P

if it is quasi-isometric to a tree T
,

i. e.

= f : V(G) -> VIT) and 30 such that the fimage is C-dense

in Tand-R+ da(u,
v) = d

+
(f(u) , f(r)) = K : dal , ri + K for all u

, veV(9) .

Example . Every f.g . Cagley graphe of a virtually free group is a quasi-tee. Exercise)

Ghys-de la Harpe Dunwoody
. The converse also holds : If a finitely generated Eagles graph

of a fin
. you , group I is a quasi-tee ,

then T is virtually free,

Since virtually free groups give rise to treeable (BERs /5-K-1)
,
it's natural to ask :

Question (Tucker-Drob
,
2015). If a CBERR admits a locally finite graphing whose

each component is labstractly) a quasi-tee ,
is R treeable ?

Theorem (Chen-Poulin-Tap-* 2025).
Yes ! More generally ,

if a CBER admits a locallyI

finite graphing with tree-like components ,
then R is treeable.

Corollary. The Jackson-Kechris-Louveau result : fre Boel actions of virtually free groups
are teerable (because each connected component of the Schreier graph is a quasi-tree).

Application towards the finite index problem .

Instead of isomorphism 4 ,
it is enough to build

a quasi-isometry.

Before making "tree-like" precise ,
let's consider other well-known notions in this category.



Bounded tree width.

A tree decomposition (Robertson - Seymour) of a

graph G on X is a map F
: X+ Powli) for come

tree You Y such that

(i) F(x) is a subtree of T ;

(ii) If (x
,
x7 = G then F(x)1 F(x)) + 0.

A graph h has bounded free-width if there is a tree decomp C ·
-- !

.

7
S

& & / ↑

F : (X
,
C) -> /Y

,
T) with TreeWidth(al= sup It" (y)/ <&. To & ... - 8

yeY
-
(x + X : F(x) = y]

Tom(Chen-Poulin-Tao-5; Jardin-Sanchez) . If a CBERR admits a graphing with
each connected component having bounded tree-width then R is treeable.

Applications .

Used by Sole Pi to prove that all ef , one-ended minor excluding pup graphs
are sofic

. Also used by Ishikara to prove that all e
.

%
· planar pup graphs are sofic.

Examples. To x

·
Xs X4 Xj

6

(a) If Gn := Kn
,

a dique of size n
,
then 6 is a quasi-free but has unbold tree

width
.

... T
· 5

(6) If Gr : = In
,

a cycle of size n
,
then h is not a quasi-tres ,

but it has bod tree

width.X3 X
4 Xj

() If 62n := Kn and Ganti-Can
,
then h neither has bod tree width nor is a quasi-tree.

However
,
6 is still tree-like and our general theorem handles this too .



No thick ends.

Ends of a connected graph are the "different ways
to
go

tod
.

"
There are several concept-

ally different definitions of ends
,
which all coincide for locally finite graphs. Here is

one of the quickest definitions (also my least favorites :

leth be a connected loc
.
fin

. graphe on a vertex set V .
An end of a is an equin

valence class of rays ,
where we call two rays knime and lyalaar end-equivalent,

denoted (xu) ~ (ya) ,
if for each finite set FEG of edges,

Mul and Igal are eventually in

the same component of GIF. Denote the set of ends by OG : = Pays(a)/.
We say

that a ray (n) converges to an end 3 if (xulz 3.

For an end 3
,
its thickness is the sup

of all me IN such that In-many pairwise

disjoint rays conversing 60 3 .

It is Halin's Recen that thickness = &= 7

& -

many pairwise disjoint rays. An end is called thick if its thickness = &
,
other

wise
,
call it thin

.

· mmmF man
h all ends Micke

Fi P

no thick ends

Corollary of our main them (Berushtegn + Chen-Poulin-Tao-5)
.

If a LBER R admits a graphing
with no thick ends

,
then R is treeable.

Application .
Used by Hutchcroft to prove treeability of cluchers in Bernoulli percolation <Po



Half-spaces/cuts and ends·

For this section
,
let h be a loc

.
fin · connected graph on a vertex set V.

A half-space for an orientedcut) of h is a subut Her
weich has Grite edge boundary OH := Leth : e is between

Hand VIH]. y

Obs
. (a) The net 5(a) of all half-spaces is alboolant algebra ,

i
. e

. it's closed under complements and fin unions.

⑨

(b) Every singleton (v) is a half-space because 103v3/= (v) is Guide by loc finiteness. & &
a

& a

& V

Obs
.(a) For every half-space H and end Se8h ,

&

either : every ray (xn) converying to 3 is eventually in H
,
and we write 3H

or : every ray (xu) converging
to 3 is eventually in Hi and we write 3H"

1) For each end SE0h
,
the set Us := (HEH(a) : 3tH) is an ultrafilter on H/m)

,
i. e

. an upward
closed collection UI St(h) with a P/1 law : for each HEH(G)

,
U contains exactly one of H

,
H!

In fact
,
Us is non principal (doesn't contain finite sets).

(2) Conversely ,
each noprine .

ultrafilter U on H(h) given rise to an end Gedh
,

i
.
e . W = Ms

,
so we

identify &G = the space of conprincipal ultrafilters on H4).

Stone topology on PS. Each ultrafilter U on H(h) is an element of 2412)
,

so Oh2414)

and we take the subspace top ,
so it is generated by the sets (H] : = [SEOG : SCH)

,
HEACH)

,

which are relatively dopen. Observe that Id is a closed subset of 2H() because not

being ultrafilter and being principal are open conditions.

Thus
,
OG is a 2ndbl compact zero-dimensional space.



Tree-like := has a good family of cuts .

In a disconnected) graphe Gon X ,
call a set Hex in

a half-space for oriented cut) if I is a half-space yof someh- component.

In a Borel graph G
on a standard Boel space X ,

the set #(2) of all of it half-spaces
is a standard Borel space because it can be encoded as a Bonel subset of X2 via

#) ↳ Dit := the inward edge boundary of H .

Call a Boel graph G tree-like /Chen-Poulin-Tao - O if it admits a Borel family
H = H(2) of half-spaces which is

(i) finitely separating : for any two 6-connected ......
points x

, geX ,
Here are only finitely many not finitely separating

half-spaces inI containing x but not y .
not cause towards?

.. En end
(ii) dense towards ends : It contains a neighbourhood

basis for each end of G. M

Theorem (Chen-Poulin-Tao-0) .

If a CBERR admits a tree like graphing ,
then R is treeable.

quasi-tree half-spaces
2 Main

bold tree width
I obeying theorem tree

3 (i) and (ii)
no Chick ends

S := all half spaces whose vertax boundary has diams)
,
for come constant 40.

2 S := all half spaces whose vertax boundary has sizes)
,
for come constant 10.

3 H := all half spaces whose inner vertex boundary is minimal and witnesses thickness of an end.



The main theorem consists of two parts :

half-spaces median graphe
I obeying stone duality w/ finite spanning subtree

tree

(i) and (ii) planes
hyper-algorithm

We first discuss the stone duality part .

This involves ultrafilters on a given finitelyseparating
family of acts ...

The structure graph of H
.

let he be a connected10s fin · graph on a vertex set X and let He stal be a complement
closed finitely separating (condition (i) above) family of half-spaces , including and X.

Goal .
Construct a yoaph M1) which encocks the structure of It land It carries sour

structural information about 3)
.

Call MI5R the structure graph of H.

-

Example .

T und

*

S

-

Fi P

So vertices of the structure graph should be ultrafiters on o (aka orientations)
,

i
. e.

subsets U=H which are upward closed (HEU and FIH = FEU) and satisfy the D/a law

I for each HEL
,
UGH or UEH

"

but not both); in particular , any Ho
,

H ,
El intersect

lif HotH ,
= $

,

then HOSH , so Ho'EU so UEHoand HEHC contractiching the 01 (cm).
o

Note however
,

that we only want those ultrafilters,iwhich localize a region in G
,

as opposed to an end. &
In particular ,

we don't want ultrafilters to contain

# an ultrafilte localizing
an end 3



vanishing sequences of half-spaces (i
.

e . decreasing sequences with intersection).
More generally ,

we don't want ultrafilters to contain a sequence of half spaces "converging"
to 0 .

To make this precise ,
we equip It will the following topology :

The topology or H
. Identifying P(X)= 2Y

,
each HES is an element of fY

,
so ste2Y and we

equip It with the relative top of the Cantor space 2.

Prop (finide separation via topology). It S = H(G) be a complement closed Family vile H = 0
,
X . TFAE:

(1) It is finitelyseparating.
(2) F-2* is closed and

every HEC10, Xh is isolated (in obser words
,

no He 110, X
is a limit point of St) .

Thus 5 looks like 103 VEt : netU(7-t : neIN+ U21h = [0
,

B.

Poof (1)=(2)
.
If Hut H and xEHAy ,

then FaxeHacty 1111/ 11 11111 : It

0 5 35

We want only those ultrafilters US A sit
. DAT

,
i

.
e. I open set VEC st

. DEVEU.. By
the P/1 law,

this forces XE5IV)-H
,

where r : 2+ I
*

is te bit- flip homeomorphism ,
so

olv) = &HE St : HEV] is open .
Hence

,
DET= U is depen in J .

Thus
,

we take the set

No () of open (in St) ultrafilters on It as the vertices of our structure graph M1.
Y (kYH , 22=:ly U: = 4k> H! 2)

k

Example . 1 (k ,
H:L =:U · uz := (H)

, k))
Ux

, My ,
He are principal, but I isn't

Prop .
If HeMo (5)

,
then every HEU contains a minimal Hoel

,
i

.
e

.
HoEU st. HoeU

with Ho Ho
.
In other words

,
the set Min(u) of minimal elements of U generate U (by closing

Min(u) upward .

(IfIt consiste of connected half-spaces ,
then FUEMCH)

,
Min(H) generates U =T U in chopen.

Lemma. If UEUo(H) and HEMin(U)
,
then V : = UAH ,

H2) No (5) ; moreover
,
H'EMin(V).

Proof
.
Indeed

,
V is open because U

,
9H]

,
7H are open and V is an ultrafilter by the

2

minimality of H in U : () if KH" then KEH so KEU
,

so Kellence REV .

18) V still catifies the 8/1 law
· Finally ,

H' Min() since if REV and REH; , then



As pointed out by Marcin Sabok, a counterexample to 
the argument on the left was provided by Escher in his 
work "Ascending and Descending" (1960).

RIH 10 K'El Lene K*U
,

so REVIU = hH'

So "flipping" minimal half-spaces keeps us inside MoCAD
.
We take such "flips" as the edges

of the structure graph M15t)
,

i
.

e
. put an edge U V if UAV = ( H

,
H'S

for some HES
. (If HEL When H is minimal in U and H is minimal in V .)

Prop .

M(5) is connected. In fact
,
for any

U
,VENolt) ,

&MiH(4,
v) = EMav1 < @

Proof
. Since UAV is dopen and is a unigh of isolated points in 6130

, X3
,

so HAU must

be finide lotherwise
, by the compactness of J

,
Hal would have limit points $o. X) .

We now shor thatH andV are connected by a path of length EIKAV From 1 20 V
, b)

induction. Note that UAV = (H
, . . . ,
Hul V Hi,

..., Hil ,
where Hy

..., Hu EK and His
, ...,
Hit V.

We show

that starting with U and flipping the Hs ...,
He in some order is indeed a path from 1 10 V.

let Hi be minimal in CH, ..., Hul · Ther HitMin(u) because if REU and RIH: then

K'2 Hi so KEV
,

so KEYH , . . .,
Hu]

,
heare K = Hi

.
Thus

,
U-UAYHi , Hil = U , is an edge

in M35t) and EU , AVI = EIRAV1-1 , so by induction ,
here is a path from U

,
do V.

What kind of grape is M(51) ? When is it a free ? We'll first answer the latter question.
We say that half-spaces H and K are nested it one of their four corners HAK

,
HISK.

H1K
,
Hinks is empty ; in other words

,
Hi = K o Hiki for come i

,: : 1) .
Otherwise

, say that H andR are crossing.
HR He

HR H R H K

I RE

nested rested rested crossing

Prop.

IfIt is rested then MCA) is a tree.

Proof
.

If No "U
,

" Uh ... Un is a path in M(5)

where Hit Hi
,
ther Ho &H , F ... [Hu-because He and His

are minimal in Us and rested
,

so Do
,

U
, .... Un can't be a cycle.



I had proved the last proposition in my "stallings theorem for CBERs" paper , so I desperately
randed anested It

,
but our st is typicallynotrested. One could take a maximal nested subset Ho ? St,

but then typically Mista) is no longer useful as it would

not be a standard Bonel graph for Bonel G and So. City He crosses Hi
This is when Ronnie pointed out that M1St) had been studied in

lattice theory and geometric group theory ,
and that although it's not a tese

,
it's a median graph ...

· HH' ↳ H
,K ·HYk')

Warm-up example. k
n

Mist) is "cubic"

g ·
K

↳H, · (H), k)
G M(5+)

A median graphe is a graph M where every triple y , y ,
z of M-connected vertices admits

a unique median : a vertex <
, y ,

zs that lies on the intersection of some geodesics
Pxy , Pyz ,

Bex between X-y , y-z ,
and z-x

, respectively.

Median graphs are exactly the

"1-skeleta of CATCO) cube complexes ·

Obs
.

Trees are median graphs.

Theorem (Isbell 180 - Werner'Ol
,

Roller '98)
.

M11) is a median graph ,
where for all U

,
V
, We Ho(s)

<U
,

V
,

W >: = CHEC : H is in 22 of,
V

, Wh = :P

= (nev) v(vew) Vlenw) .



Proof. P is open and upward closed by definition
,
and satisfies the P/ law because exactly one

of H and He wins the majority vote of U, V,
W. One checks that

P is on a geodesic between HandV DIVE P = UVV
,

(4)

but the latter in true of P
,

so P lies on a geodesic from K /V , similarly other pairs.

Such an ultrafilter P is unique because by 18)
,
P lies on geodesics between every pair

(4
,
v)

,
(r

,
W)

,

and (0
,
w)=> (ev) v(vew) Vluem) = P = (novse(row) elnew),

but both sides ore equal
, by DeMorgan.

Prop . IfIt is (ii) clease towards ends and consists of connected half-spaces. then the median

graph M(5) has finite hyperplanes ( OH where I is a half-space of M S .
t
·
Hand H'se convex).

The Boolness of M(a) and freeability :

Now leta be a loc
.
fin

.
Boul graph with a Boel HH(a) satisfying (i)-(ii). By applying

the structure graph construction to each component ofG
,

we still get a median graphe MC51 (with continuum

many connected components) on a typically ecoteric space Molst) of all open ultrafiters on H. This is

where the real problem begins ! One has to show that (ii) makes Holt) a standard Bol space and

M(G) a Bowl graph on it. Furthermore
,
M(G) contains a Boel subtreeing.

Prop .

Ifs consiste of connected half-spaces ,
then"(ii) being dease towards ends"> Minkut in finite

for all UEHo(5t)
.

In particular ,
M/St) is locally finite.

"Proof
.

" Use (ii) to build an open cover of all ends &G and take a finide sabrover.
The connectedness of each Hest is used to get that it

,
for H

,
KEA

,
OHNOK =Y,

thenH andI are rested,

Lemma (upgrade to connected)
.
We can take It to consist of connected half-spaces.

Because the set of finite subsets of a it .

Bonel space is standard Bonel
,

we get



Theorem 1.
.
After upgrading It to consist of connected half-spaces, the space Mo() is standard Bone

and M/St) is a locally finite Borel median graph on Holst) with finite hyperplanes.
Furthermore

, R2 Bol reduces to RMA ,
10 the fresability of Rmist) would imply

that of Ra.

Finally ,
we came up with a Borel "algorithm" which constructs (bottom-up) a subtreeing of a

given Borel median graph with finite hyperplanes , using Lumin-Novilor to partition the collection of

all half-spaces into ctbly-many nested Boel families Str of half-spaces and building an

acyclic subgraph In based on fu and taking the unien Vin . We has establish the following :

nEIN

Them 2
. Let M be a loc

.
fin

.
Boel graph with finite has perplanes .

Then M admits a Bowel

subfreeing T&M ,
i. e . acyclic Bonel subgraph with R+= RM

.


